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Translation functions are useful in direct methods of structure analysis when the initial result is a
properly oriented but misplaced atomic grouping. Some alternative forms for translation functions
are presented. In test calculations, it is shown that spurious indications may be eliminated and the
reliability of the translation functions enhanced by basing the computations on several alternative
placements of the atomic groupings. The computations appear to be often benefited by the use of
approximately the outer one-half of the data rather than the full set.

Introduction

In applying direct methods of phase determination to
the analysis of crystal structures, it has been found that
the initial structural information obtained may, on oc-
casion, not be complete, particularly in the case of non-
centrosymmetric crystals. The locations of atoms ob-
tained at first may be limited to only a portion of the
structure. As has been shown in numerous investiga-
tions, knowledge of a partial structure can be readily
developed into a complete structure by use of the tan-
gent formula (Karle, 1968), so that obtaining only a
fragment of the structure from the phase determination
offers no essential difficulty.

A more serious problem arises when a properly
oriented structural fragment is translated with respect
to a permitted origin of the unit cell. Under such cir-
cumstances, it is usually not possible to develop the
partial structure into a complete structure by means
of the tangent formula without first placing it properly
with respect to a permitted origin. The problem of
determining the correct position of an oriented mole-
cule, or part of a molecule, has been the subject of many
investigations and several methods have been pro-
posed: Vand & Pepinsky (1956), Hoppe (1957), Nord-
man & Nakatsu (1963), Huber (1965), Rossmann,
Blow, Harding & Coller (1964), Tollin & Cochran
(1964), Tollin (1966) and Crowther & Blow (1967). The
last four investigations propose calculations involving
the X-ray intensities, whereas the others are concerned
with calculations on their Fourier transform, the Pat-
terson function. In all cases, the methods depend upon

the fact that the intensity data contain information
concerning the relative locations of symmetry equiva-
lents in the unit cell, and the extraction of this informa-
tion permits the correct placement of an oriented mo-
lecular fragment with respect to a proper origin of the
space group. Due to the common basis for the various
translation analyses, there are many similarities among
them which may not be immediately apparent, be-
cause of different notation or different reference points
in the unit cell. For example, Tollin (1969) showed that
a translation function of Crowther & Blow (1967) and
the one proposed by Tollin (1966) are essentially the
same.

There is a twofold purpose in writing this paper. The
first is to call attention to the applicability of transla-
tion functions to direct methods of structure determina-
tion when a misplaced, oriented structure or partial
structure is obtained. The second purpose is to suggest
some alternative translation functions which are closely
related to those of Tollin (1966) and Crowther & Blow
(1967). The interpretation of the proposed translation
functions is different from previous ones, namely, they
represent a vector indicating twice the difference be-
tween a proper origin for the space group and the
origin with respect to which the structure factor for the
misplaced partial structure is calculated. The computa-
tions involved are simple to perform.

Various translation functions differ in the origins
with 1espect to which the structure factors are com-
puted and in the inclusion or absence of the complex
conjugates for partial structure factors or of equiva-
lent atomic groupings not associated with the sym-
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metry element of interest. It is not obvious that such
differences should materially affect the relative effec-
tiveness of the various translation functions. Never-
theless, tests carried out indicate that some differences
do occur which are due to variations in the maxima
that cause ambiguous interpretations of the resulting
Fourier maps.

Analysis

An oriented molecular fragment is arbitrarily placed
in the unit cell, and structure factors are computed
based on the fragment and its symmetry equivalents.
A Patterson map computed from these structure fac-
tors would contain sets of peaks in the Harker sec-
tions which are similarly displaced from the properly
placed corresponding peaks, as contained in the mea-
sured intensities. There would be the same displace-
ment vector for each atom in the structural fiagment
and, given a calculation which could reveal these dis-
placement vectors, it would be expected that a signif-
icant peak would be obtained owing to the reinforce-
ment of the similar vectors. A suitable calculation is
now proposed.

The coefficients of an origin-removed Patterson func-
tion, based on the observed normalized structure fac-
tors, are (|E,|*—1). A corresponding Patterson map
in the same space group can be computed for a molec-
ular fragment from the coefficients (|Ey m(Sy, ...,
S,)|?—1), where the subscript M distinguishes structure
factors computed from the atomic positions of a mo-
lecular fragment from those obtained from the ob-
served data. The symbols S; represent the n symmetry
equivalents of the molecular fragment, e.g., S; is the
identity. A Patterson map containing corresponding
sets of properly placed and misplaced sets of vectors
characteristic of the Harker sections may be computed
from:

Py(r)= % {UEP = 1)+ [|En, m(Sy, -

] S")IZ_ 1]}

cos2zh.r. (1)
The differences between the corresponding sets of
properly placed and misplaced vectors are contained
in sections of a map computed from the square of the
coefficients in equation (1):

Py(r)= % {UEW =D +[|Ep, m(S15 - - -, SHIP = 1]}
cos2zh.r.

@

By carrying out the square in equation (2), it is seen
that the differences of interest are contained in the
cross term, suggesting the calculation of appropriate
sections of the difference function:

o SI—1]
cos2nh.d, (3)

D(%)= % (1Enl* = 1) UEn, m(Sy, - -
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where the desired value for & would give the vector
difference between the incorrectly placed vectors in a
Harker section computed from the oriented molecular
fragment, and the corectly placed vectors as contained
in the observed intensity data. The vectors of interest
in the Harker section are, of course, those between
corresponding atoms in the molecular fragment and
its symmetry equivalent. The value of 8 obtained from
equation (3) can be immediately interpreted in terms
of a translation of the fragment which would place it
properly in the unit cell.

The translation function of Rossmann et al. (1964),
T(A), is interpretable in terms of the translation re-
quired to bring one molecular unit into coincidence
with another after suitable rotation. Their particular
interest concerned independent molecules within the
same asymmetric unit. The translation function of Tol-
lin (1966), Q(R,), determincs a proper shift R, for a
set of atomic coordinates misplaced with respect to an
appropriate origin by making use of the properties of
the sum function for Patterson superposition. The
O(R,) function is based on the sum function defined
in terms of the initial atomic coordinates and a sym-
metry operation characteristic of the space group of
interest. The translation function of Crowther & Blow
(1967), T(t), provides the translation vector between
a molecule or a molecular fragment and an equivalent
properly rotated unit appropriate to a particular sym-
metry element of the unit cell.

A variety of alterations of equation (3) might be
considered. Following the suggestion of Crowther &
Blow (1967) that intramolecular vectors can be elimi-
nated from the observed data, D(8) can be written

D®= 3 UIEF =1~k 5 (Ep ()= 1)]

XB, u(Sss s SI=1)= 3 3 (s (SO

—1)] —=C,}cos2rh. 8, )
where
P N
k= > Zi] > 73, ©)
J=1 J=1

p is the number of atoms in the molecular fragment,
N is the number of atoms in the entire unit cell and »
is the symmetry number of the space group. Note that
N atoms contribute to |Ey|, p atoms contribute to
|En, (S)| and np atoms contribute to |E, 4(Sy, ...,
S,)l. The factors k and 1/n arise in equation (4) from
the need to have both terms in each of the square
brackets on the same scale. The term C, represents the
average value of a coefficient obtained by summing
D,(5) at the origin and dividing by the number of
terms. It removes the large peak at the origin and its
possible interference with maxima close by.

Instead of including all the symmetry elements at
once, a pair representing the molecular fragment and
one symmetry equivalent could be considered, giving
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Di®)= 3, {UEF =D~k 3 (En, (SO =)
% (B, (i SDE—1)
2
-3 Z (|En, m(SHIP =1~ Cy}cos2nh. 8. (6)

An alternative formulation eliminates the centrosym-
metric character of the structure factors computed
from the molecular fragment, giving:

D®)= 3 (UL~ 1)=k 3 (Bs, ulS)F =]
X [Ep, m(SDEF 14(S2)]— Cs} exp (—2mih . 8).(7)

The functions D,(6) and D5(6) are comparable to the
functions Ty(t) and T(t), respectively, of Crowther &
Blow (1967). The distinction between them lies mainly
in the nature of the calculated structure factors and the
subsequent interpretation of the results. The function
D+(8) also bears a close relationship to the work of
Tollin & Cochran (1964) and Tollin 1966).

The calculation of D,(8) is carried out on appro-
priate sections of the Patterson space group corre-
sponding to the structure, and D,(d) and D;(d) are
computed on appropriate sections of space groups PT
and P1, respectively. With all these functions, when
a correct value for 8 is determined, the proper shift to
apply to the misplaced fragment is —&/2.

Test calculations

Test calculations have been performed with equations
(4) and (7). In one example, they were based on a mis-
placed structural fragment, which appeared as one of
four ambiguous possibilities in a structure determina-
tion by the symbolic addition procedure of a radiation
product of mescaline (Karle & Karle, 1970). A properly
placed partial structure was also obtained as another
of the ambiguous possibilities and had been used in
the original structure determination. The correct struc-
ture in space group Aba2 is shown in Fig. 1 and the
misplaced partial structure comprising 9 of the total
of 20 independent atoms is shown in Fig. 2.

The first test was carried out with equation (4). In
space group Aba2, the position of the origin along the
¢ axis is arbitrary. A displacement of a structural frag-
ment with respect to a proper origin would involve a
possible shift with respect to the @ or b axes or both.
Equation (4) is computed in the appropriate Patterson
space group, Ammm in this case. The z=0 section is
of interest, and the proper interpretation of the maxima
in this section may be derived from a consideration of
the differences of corresponding maxima in the Harker
sections of a Patterson function, which would also be
computed in space group Ammm for the correctly
placed and misplaced structural fragments, equation
(1). The results of such an analysis are summarized in
Table 1. Since an 4 centered cell is being considered,
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identical values would be obtained for all points shifted
by 0, 1, 1, but this is of no significance in the interpreta-
tion of the displacement of the structural fragment. It
is apparent that for equation (4), the symmetry of the
2-dimensional space group pmm generates a fourfold
ambiguity. Additional ambiguities may arise from
spurious peaks in the calculation of equation (4). The
ambiguities arising both from the symmetry of the
plane group and from the spurious peaks may be
resolved by making more than one computation chang-
ing the location of the molecular fragment in each.
Since the location of the fragment is known for each
computation, the change of location of the main
maxima in D,(8) may be interpreted in terms of a
proper placement of the partial structure in the unit
cell.

A computation of D,(3), based on the structural frag-
ment of the rearrangement product of mescaline, Fig. 2,
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Fig. 1. Structure of photorearrangement product of

mescaline,
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Fig. 2. Misplaced, but properly oriented, partial structure of
photorearrangement product of mescaline.
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indicated the correct shift among several other pos-
sibilities as implied by the interpretation of equation
(4) given in Table 1. The additional spurious maxima
interfered with the attainment of a unique result. It
was found that some improvement in the quality of
the map was effected by employing only the outer half
of the data in the calculation. Three additional ar-
bitrary shifts of the nine-atom fragment were made and
D,(8) was computed for each. An analysis of the three
maps eliminated most of the spurious peaks and re-
sulted in the correct shift dominating in the maps, as
measured by the sum of the values of the correspond-
ing peaks appearing in each map. Additional trial shifts
could be expected to enhance the correct answer even
further.

Table 1. Positions of significant peaks for equations (4),

(6), and (7) in terms of the correct coordinates x, y, as

contained in the observed data |E,|, and the misplaced

coordinates x', y', as contained in Ey,_y, given a structure
in space group Aba2

The contributors to 4x, for example, are sets of (x'-x) in

which the individual values of the primed and unprimed

coordinates vary, but the differences (x'~x) are constant and

give a reinforced contribution to the maxima representing &
or its individual components.

Equation Components of & 2-Dimensional
space group

24x 24y 0 ] plus mm symmetry

4) 24x 0 0 } for each set of pmm
0 24y 0 ] components

6) 24x 24y 0 p2

—24x =24y 0
@) 24x 24y 0 pl

The actual and observed shifts of the fragment are
listed in Table 2. Relating the second and third shiftsto
the first, and taking the average, would imply a shift of
24/120, 9-2/120 as compared to the correct value of
24/120, 9/120. This corresponds to an error of 0-00,
0-02 A, respectively, as computed from the lattice par-
ameters.

Table 2. Location of peaks associated with three different
shifts of the nine-atom fragment of a
mescaline photoproduct

Maps were computed with equation (4) in space group Ammm
appropriate to the space group Aba2 for the crystal. The
intervals are given in 1/;29.

Expected Observed Observed Observed
(24x, 24y) (24x, 0) 0, 24y) (24x, 24y)
48,18 484, 0 0, 17-5 488, 180
24, 84 239, 0 0,92 225, 7-5

—24,6 —-240,0 0, 79 ~232,82

Function D;(8) was also computed with the nine-
atom fragment of the mescaline derivative. Using the
complete set of data, the largest peak obtained with a
value of 638 was spurious. The second largest maxi-
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mum at 568 was the correct peak. There were two ad-
ditional spurious maxima at 566 and 557 and six above
475. Using the outer half of the data, the correct peak
was the largest one at 261, with the nearest spurious
one at 218, and only one other above 200. The spurious
peak with a value of 638, obtained from the entire set
of data, had the relatively low value of 135 in the sec-
ond calculation based on the outer half of the data.

Another test calculation was carried out on a mis-
placed molecular fragment consisting of 8 of the total
of 15 atoms in a molecule of cyclo-L-prolyl-L-leucyl
(Karle, 1972). The substance crystallizes in space group
P2,2,2,. Calculations were made using equation (4) in
the three 2-dimensional sections of space group Pmmm
whose maxima could afford information concerning
the components of § in each section: 24x, 24y, 0; 24x,
0, 24z; and 0, 24y, 24z, where 4x, for example, rep-
resents the difference of sets of x coordinates for cor-
responding atoms in the misplaced and properly placed
structural fragments. A useful redundancy occurs, inas-
much as the shift in a particular coordinate appears in
two of the sections, and facilitates the elimination of
spurious peaks. Even when a suitable maximum is
chosen to represent the shift, it occurs with an eight-
fold ambiguity due to the mmm symmetry. Ambiguities
arising both from symmetry and spurious peaks may
be resolved by making additional computations, as
mentioned before, changing the location of the mo-
lecular fragment in each.

Table 3. Positions of the main maxima and their values

in the three sections computed with the outer half of the

experimental data for equation (4) in space group

Pmmm, appropriate to cyclo-L-prolyl-L-leucyl crystal-
lizing in space group P2,2,2,

The partial structure, consisting of 8 of the 15 nonhydrogen
atoms, was shifted by 5/60, 5/60, 5/60, so that the result
expected from equation (4) is 10/60, 10/60, 10/60. The average
result derived from the sections is 9-4/60, 10-5/60, 11-1/60.
The strong peak in the y=0 section is an extended ellipse with
high values of 137 and 160 at z=10 and 11, respectively,
diminishing the apparent discrepancy in the shift of the z
coordinate.

Section Main maxima (x 1/60) Value
x=0 0, 10-6, 92 123
0, 15-0, 24-5 123
0, 14-5, 14-5 120
0, 22-0, 4-5 107
0, 70, 13-5 104
y=0 9-4, 0, 13-0 179
21+6, 0, 21-0 120
z=0 9-3, 10:4, 0 151
18-0, 3-7, 0 142
21-5, 215, 0 140
3-0, 260, 0 129

The test calculation on the cyclic dipeptide was car-
ried out with the outer half of the measured reflections.
Use of the complete set of data with equation (4) re-
sulted in maps which had many spurious maxima. A
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significant improvement in the quality of the results
was obtained when the inner half of the data was omit-
ted. The test shift of the 8-atom fragment was 5/60,
5/60, 5/60, and the results of computing appropriate
sections with equation (4) are shown in Table 3. The
shift implied by these results is 4-7/60, 5-3/60, 5-6/60
which would be in error by 0-05, 0-10, 0-06 A, respec-
tively, as computed from the lattice parameters. In
practice, at least one additional calculation with a shift
of position for the molecular fragment would be re-
quired to eliminate the ambiguity due to the mirror
symmetry of space group Pmmm.

Function D;(8) was computed for the eight-atom
fragment of the cyclic dipeptide in the z=0 plane to
test a shift in the x and y coordinates. The map, using
the complete set of data, gave the correct maximum
the highest value of 680. The next largest maximum
occurred at 506. With the outer half of the data, the
highest value at 358 again was associated with the cor-
rect peak. The next largest peak occurred at 285. In
this example, the relative difference in the values of
the peaks favors, somewhat, the use of the entire set
of data.

Concluding remarks

It is apparent from the tests which have been carried
out and the previous experience of other authors
(Young, Tollin & Sutherland, 1968; Young, Tollin &
Wilson, 1969) that translation functions can play a
useful role in direct methods when the phase determina-
tion produces an oriented molecular fragment improp-
erly placed in the unit cell. It may be preferable to
employ such functions rather than to repeat the phase
determination following a different path through the
stepwise development of phases. Once the oriented
fragment has been properly placed, the complete struc-
ture may be developed by means of the tangent formula
(Karle, 1968).

The test calculations do not indicate that either D,(8)
or D(d) is clearly preferable. The computation of D,(8)
is somewhat simpler to perform, but the maps con-
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tain ambiguities because of symmetry which requires
additional calculation for resolution. It is advantageous
to have a variety of translation functions available to
help identify and climinate the spurious peaks which
may interfere with the correct interpretation of the
maps. Spurious peaks are also eliminated by making
several trial shifts of the molecular fragment. This re-
moves, in addition, the ambiguities which arise with
D,(8) and D,(d) because of the higher symmetry of the
plane groups in which the calculations are performed.
The quality of the maps is improved by removing the
large maximum at the origin and its accompanying
ripple, and by removing the intramolecular vectors. In
several tests, it was advantageous to compute the maps
using approximately the outer half of the experimen-
tal data.

I wish to thank Mr S. Brenner for his fine coopera-
tion in writing the computer programs and carrying
out the computations.
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